Confluence Journal of Pure and Applied Sciences (CJPAS)

Faculty of Science, Federal University Lokoja, Kogi State, Nigeria

Vol. 1, No. 2, Nov. 2018
ISSN: 2616-1303 | Web:wwuw.cjpas.fulokoja.edu.ng

ON SOME GENERALIZATIONS OF HARDY-TYPE INTEGRAL
INEQUALITIES
K. Rauf and M. O. Ajisope
Department of Mathematics, University of Ilorin, [lorin, Nigeria.
Department of Mathematics, Federal University Oye-Ekiti, Ekiti State, Nigeria.
Keywords: Best possible constant; Convexity; Opial & Jensen Inequalities
Email: oyelami.ajisope@fuoye.edu.ng, krauf@unilorin.edu.ng
2010 AMS Subject Classification: 49Nxx, 15A39.

Abstract: In this paper, some new generalizations of Hardy-type integral inequalities
were established as an improvement of some known integral inequalities.

1 Introduction
Hardy inequality is one of the classical
inequalities which turns information
about derivatives of functions into
information about the size of the
function. This inequality together with its
generalizations and extensions are
greatly applied in finding solutions to
various problems on integral inequalities.
It has received the attention of many

researchers in the field of analysis as a
result of its usefulness in Mathematical
analysis.

The discrete form of the inequality was
formulated by Hardy [4] in an attempt to
find a more simplified proof of the
famous Hilbert double series theorem. It
is stated in the theorem below.

Theorem 1.1 If p>1 and {a} is a sequence of positive real numbers, then
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while the integral form of the theorem states that:

Theorem 1.2 Let [ be a non-negative p integrable function defined on (0,mw) and
pwo I is integrable over the interval (0,x), for each positive x, the meguality

below is valid.
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Inboth(1.1)and (1.2) , the constant & =[LJ is the best possible.

Jt:l_
After its introduction and prove, earlier researchers in this area of study focused
attention on obtaining a simplified proof of mnequality (1.2). For example, Hardy
himselfin [5] proved that for p =1,k =1 and a functionF definedon R, ={0,c0) by

. Lf(r}dr kel
LE:f(I}a‘r ifk <1 then,

o P (R dxs [%Tj:ﬂ* 77 (3) dx (13

In another development, Levison in [9] proved that inequality (1.2) holds for
O<a<h<e It was Godunova [2] who mitiated the direct and simple way of
obtaining Hardy inequality via the convexity argument before it was rediscovered by
Kaijser et “al [8]. Proving that inequality (1.2) is just a special case of
Hardy-Knopp-type inequality given in the theorem below:

Theorem 1.3 Let ¢ be a positive and convex function on (0,e3). Then,

'5‘{1;; e .:sz %5 [t (x) % (1.5

The purpose of this work is to give some Hardy-type mequalities which are
generalization and extension of some Hardy-type integral inequalities in literature.

2. Preliminary Lemmas
The following lemmas which are useful m the proof of our main result is presented

in this section

Lemma 2.1(Chebyshev Integral inequality) [10]:

Let f and g be two functions which are integrable and monotone n the same
sense on (a,b) andpe p bea positive and integrable function on the same interval
then,

| O 0o p(0g(0) des | pOrf (g (e def p(x)dn 2.1
equality occurs if and only if one of the functions f or g reduces to a constant and
if 7 and g are monotone in the opposite sense, the inequality sign are reversed.

Definition 2.1 A function 1 is called subnmltiplicative if A(g) = Ax)A(y) for all

I
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r,y = 0 and in particular, if 21, then A(x") = 4(x), x>0

3. MainResulf
The main results are presented in the theorems below

Theorem 3.1: Let f=0, g>0 non-decreasing on (0,m) such that F{x)= L fitdt

and G(r)= .Lgm"ﬂ' If p=0 isa function non-decreasing such that 0<¢ << and
@[ fix)g(x)] isintegrable on [ab].For » >0, then

o e ol o
Proof:

By the Chebyshev integral mequality and the assumptions made on the functions 7
. g and . Consideringthe function pix)=1 forall xe[z,b] wehave

H’[WJ d < I@LL (o] g(r)a‘rﬂa‘x
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This ends the proof.

Corollary 3.1:
(1) If in particular we put #=2, we obtain

o [F(I}Gm]a‘x <[ oo g
(i)andifweset n=2,g(x=1 and
_r_'a[@]mwxm}
(iii) Taking ¢(x)= ", we have
LF {"ﬂ dxs | P () (12)

The next theorem establishes the converse of Inequality (3.1).
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Theorem 32: Let f>0, g>0 non-decreasing on (0,) such that F(x)= L fOa

and G(x)= Lg(r)dr If p20 isa function non-increasing such that 0<a<b<ow and
@[ f(x)g(x)] isintegrable on [a,b]. For »>0, then
o[ D) ez [ ol s ecol

Proof:
By the Chebyshev integral inequality and the assumptions made on the functions f
. g and . Considering the function p(x)=1 forall xe[a,b] wehave

o
1) 'sv:x" [l roeear o
- S ( X) L

> (g x g(r)a‘r]
2 [ g * f(x).g(X)]a‘x

11
=.‘W Ff(x)-g(x)]dx
This ends the proof.

Corollary 3.2
(1) If in particular we put »=2, we obtain

[ ¢(”")G(")]awz,f]¢[f(x> g0k

(i) and if we set =2, ¢(x)=x%, and g(x)=1,. we obtain

.L[F(x)] drs[l " (x)dx

Theorem 3.3: Let A(x)20 be convex, submultiplicative and twice differentiable on
(0,0). If 4(0)=0, neZ and 1<p<w such that A(x) is defined as _[o fdt and

ot %(;)) is integrable while == () is non-decreasing, then
X
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b maw® F ':(f PDinen” G

and if in particular r = p-1 then we have
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o AX'FE) 2
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X

Proof: The function A(x) isconvex, is non-decreasing then by Jensen’s

inequality, Fubini’s theorem and the fact that 4 is submultiplicative (in particular
A< A (x), n21 ), we have

- _qa A F(x) (xR
L X TG00 DG dx= fﬁu T /1[ ]dx

ey m”(xjggﬂd"
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T o)
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=[x P (Lz f(r)dt)

- [ 5 G(r) U- el
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== f (F&) m) s

which is the required inequality, the proofis complete.
If we put r =p-1, we have:
= ACFO) ey
! OG0 L AT /I(r) G
Hence inequality (3.7) is a genetahzatlon of inequality (5) in [Mehrez 2015 ] and
inequality (2.5)in [Sulaiman 2012].
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